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It is shown that simple graphs gave equal topological information content if
their automorphism groups are isomorphic. Further, if the automorphism groups
of two graphs are represented by wreath products of which the inner groups are
isomorphic, then the two graphs possess equal topological information content.
Three graphs which correspond to organic molecules illustrate this finding.
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Zum topologischen Informationsgehalt einfacher Graphen

Wie gezeigt wird, besitzen schlichte Graphen gleichen topologischen Infor-
mationsgehalt, wenn ihre Automorphisgruppen isomorph sind. Ferner: sind die
Automorphismengruppen zweier Graphen durch Kranzprodukte darstellbar
deren Feingruppen isomorph sind, dann haben diese beiden Graphen gleichen
topologischen Informationsgehalt. Drei Graphen, welche mit organischen
Molekiilen korrespondieren, illustrieren das Ergebnis.

The topological information content, ,,,, of a simple graph, G, (in bits
per vertex) is defined’® as follows:

k
Lo (G) = — _; (Ni/N) b (Ny/N) M

where i is the index of the k different subsets ¥; of equivalent vertices,
N; = | V;| their cardinalities, N = }_ N; the total number of the vertices of
G and 1b indicates the binary logarithm, i.e. the logarithm to the base 2.

* Dedicated to Professor Dr. Karl Schidgl on the occasion of his 60th
birthday.
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Obviously, [, does not depend on the labelling of the vertices of G,
therefore, it is an invariant of the graph. We shall show here that, more
generally, I, is an invariant of several graphs belonging to a class of
different automorphism groups, defined by some structural conditions.

At first we shall show that Iy, is an invariant of an automorphism
group of given structure. Let 4 (G) be the automorphism group of the
simple graph G. In any automorphism only equivalent vertices may be
mapped onto each other. Hence, the structure of 4 (G) defines the subsets
V; of equivalent vertices and their cardinalities, N, too. In that way,
obviously T, is an invariant of 4(G) and consequently the following
equation

Ttop (G) = I_top (Gy) (2a)

must hold if the automorphism groups of the two graphs are isomorphic,
ie.

4(Gy) = 4(Gy). (2b)

As an illustration we present the following example:

Scheme 1
6 6
5$7 5: I :7
3a_ |2 o4 3 4
1 1
Gy G,

Obviously, G, and G, are not isomorphic. Both graphs consist of the same
total number of vertices, N = 7; this is necessary, since as a consequence of
the isomorphism of the automorphism groups of the two graphs, eq. (2 b),
the degree of the two groups, i.e. the total number of the vertices in G; and
G,, respectively, must be the same.

Now, we will verify the validity of eq. (2 b) in the case of our example.
We have labelled the vertices of G, and G, in such a manner, that the
subsets V;€G,, j = 1,2, are formally the same, namely

V= {1}, Vy= {2}, 3)
Vi={3,4}, V,={56T}

Consequently, the permutations forming 4 (G;) and A4 (G,), respectively,
are formally also the same; they may be constructed by the combination of
exactly one permutation of each of the following sets:
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V.(l). V.<2>.
1- 1: 2 2:

34
(3o )
V.<567> <567> <567> (567) (567) (567)
*\s567/\675/\156)\576)°\765/\657)

This mode of construction leads to the following order of 4(G)
h(A4(G)) = 1.1.2.6 =12. 5)

The permutations, denoted in eq. (4), reflect that the identical group
operates on the subsets ¥} and V,, the symmetric group S, on the subset
V3, and the symmetric group S; on the subset V. Hence, 4 (G;) may be
expressed as a direct product of these groups (E, denotes the identical
group of degree 2, operating on V; u V,) as follows:

A(G) = A(Gy) = E; x §, X 83 (6)
Again, the order of 4(G)) is as follows
h(A(G)) = h(E) x h(Sp) x h(S3) = 1 x 2) x 3 =12
and for the degree of 4 (G)) one obtains
d(A(G)) =d(E) +d(S) +d(S)=2+2+3=T.

(Notice, that E, = S|, E, = S; x §}, etc.).

Because the vertices of G, and G, are partitioned into the same number
of subsets of equivalent vertices, which have pairwaise the same cardi-
nalities, namely

N1=1,N2=1,N3=2,N4=3,

the topological information content of the graphs G, and G, and of any
other simple graph belonging to the automorphism group denoted by
eq. (6) is the same and it amounts to

Ttop (Gl) = Ttop (Gy) = Ttop (B, x Sy % 83)
1 2.2 2 3.3
——bw—vlb-——lb Ib——=Ib=
77 7 7 1

= 1,842 371 [blts per vertex].

Now, we will show that I, is also an invariant of a certain class of
automorphism groups. For that purpose let B and F be two permutation
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groups and suppose the wreath product B[F] be isomorphic with an
automorphism group, 4 (G’), of a simple graph G":

4(G) = B[F] ™

then the innergroup, F, acts as an automorphism group on a certain
subgraph, F;e G’ (if necessary, F may contain some half edges in order to
keep vertices nonequivalent when they are non-equivalent in G')2 The
vertex set of Fmay be denoted by V7 certainly, V7is a subset of the vertex
set '(G') of the graph G’ and its cardinality, N*, is the degree of the group
F:| V| = NF = d(F). As shown above in the example, the structure of the
group Fwill partition the vertex set V7 into several subsets, Vf 1 ZiZk,
of the respective cardinalities N7

The graph G’ contains altogether d(B) subgraphs isomorphic with Fj,
where d (B) denotes the degree of the outer group B of the wreath product
given by eq. (7). Hence, the cardinality of the vertex set V' (G') of the graph
G’ is given by

|V(G)| =|V|-d(B) = N"-d(B) = N. a)

As a result of the permutations forming the outer group B the subgraphs
F;, 1 =j < d(B), are mapped onto each other. In the course of these
* automorphic mappings the vertices belonging to ¥ can only be mapped
onto themselves or onto vertices belonging to the corresponding subset
VI of another subgraph F{. This means, that G’ does not contain more
subsets of equivalent vertices than F; does, i.e. the partitioning of V' (G')
into subsets, V;(G"), 1 £i £ k, of equivalent vertices is induced by the
inner group F of the wreath product. The cardinalities of these subsets are
given by

V(G| =|V{|-d(B) = Nf-d(B) = N.. (9b)

As seen from eqs. (9a) and (9 b) the ratios N;/N appearing in eq. (1) are
independent of the outer group B of the wreath product eq. (7); they
depend only on the structure of the inner group F; due to

Ny/N = N¥/N*. (10)

Hence, the information content of two graphs of which one belongs to the
automorphism group F and the other one to B[F] are equal each other

Ttop (F) = Ttop (B [F]) (1 1y

The structure of B has no influence to that result.
As an illustration we give below G} and G5 constructed from G, and G,
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given above, when the outer group B is choosen as the cyclic group Cg of
degree 6:

Scheme 2

Gz

A(GY) = A(Gy) = CLE; x S5 x S3]. (12)

The graphs used above for illustration have no chemical significance.
The following three graphs, G5, G4, and Gs, represent chemical structures;
they possess equal information content, namely

Tiop (G3) = Ty (Gg) = Iy (Gs) = 1,950212 [bits/vertex].

Scheme 3
63 G4

Obviously, this a consequence of the fact that the automorphism groups of
these graphs

A(G3) = E; x S, [ E3];
A(Gy) = S, [E; x S, [E5]];
A4(Gs) = CsLE, x S;[E5]].

have the factor [ £, x S,[E;]] in common.

Conclusion

The topological information content of a simple graph, Tmp, is not only
an invariant of a certain graph but it is a topological characteristic for all
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graphs which belong either to one and the same automorphism group, F,
or to an automorphism group which may be represented by a wreath
product where Fis the inner group. This result should be considered when
the topological information content is used in chemistry.
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